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Slight improvement to Rouche’s Theorem

Two holomorphic functions f, g around a curve over the domain D. D UC.
l9(2)] < [f(2)] on C
and f + g is never 0 on C. Then, f + ¢g and f have same number of 0 in D. Proof repeated, want to show,
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Before the values of 1+ h couldn’t hit the boundary but now they can hit the boundary. But they cannot go around
the origin to change the determination of the argument.

h=g/f,so

Examples

3¢* — z on |z| <1 how many 0 are there? On the boundary C, the |z| = 1, and [3¢*| = 3¢ +3e¢~! = 2 > 1 there
are no zeroes because e® has no zeros.

Another example.
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How many zeroes are there in the annulus 1 < |z| < 2. Let’s see at |z| = 2. So |z|* =16 and | — 52 + 1| < 11, and
there looks like 4 zeros. In the smaller |z| = 1, 5z dominates, and there’s 1 zero.

Different proof.
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Definition 1. Suppose f is a function defined on some set in R? with values in some set in R?. We say that f
is an open function if for every open set G where f is defined f the image of f(G) is also open. f(z) =e*. An
open interval in input maps to an open interval in output.

f(x) = 22 is not open.

Theorem 1. Every non constant holomorphic function is an open function.



Proof. Let zg be fixed. Then let wg = f(20). f(z0) — wp is 0 at zg. Let’s call the order of zero as N > 1. i.e.

F(2) = f(z0) = (2 = 20) " g(2)

Where g(z9) # 0. There is no sequence z — zo for which f(zr) = wg. Therefore there should be a circle
centered on zg on inside which f = wg only at zj. O

Problem for self, does an open interval can map to something closed?



